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Gauged SUGRAs

Maximal gauged 7-D SUGRAs:
e Gauge group C E4 = SL(5)
o Classified by embedding tensor (maximal SUSY-preserving
deformations of ungauged SUGRA)

» SUSY <= linear constraint: 10 ¢ 15 ¢ 40
» Group-theoretic constraint <= quadratic constraint

@ Some examples can be obtained by Scherk-Schwarz reduction of
D =10 and D = 11 maximal SUGRA

» Reductions involve complicated non-linear Ansatz
» Consistency difficult to prove using SUGRA methods deWit, Nicolai,

Nastase, Vaman, Nieuwenhuizen, Cvetic, Lu, Pope ...

@ Other maximal SUGRAs orphaned — until now?
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Gauged SUGRAs and EFT

Useful relationship to EFT Berman, Musaev, (DFT Aldazabal, Baron, Geissbuhler,

Grafia, Marquéz, Nufiez, )

Embedding tensor «— torsion of EFT
Linear constraint <— automatic (up to trombone)

Quadratic constraint <— section condition (+ other solutions? L,

Strickland-Constable, Waldram 1506.03457)

Action + scalar potential <— Full EFT action

Consistency +— QC + constant flattened torsion

Non-linear reduction Ansatz <— Generalised Scherk-Schwarz twist
Internal space «— Twist matrix (generalised vielbein)

Twist matrix has to be “guessed”
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@ Recent twist matrices for CSO(p, g, r) gaugings to various
dimensions. Lee, Strickland-Constable, Waldram 1401.3360, Hohm, Samtleben
1410.8145, Dall’Agata, Baron 1410.8823

@ These give consistent sphere and hyperboloid truncations of M-theory
and lIA/1IB theory to various maximal SUGRA.

@ When do IlA truncations imply IIB truncations and how are they
related?

o Caveat: All geometric, all standard SUGRA!

Outline:

@ Review EFT.
Review embedding tensor as EFT torsion.
“Dualise” A truncations into |IB truncations.

Use this to generate |IB hyperboloid truncations.
Discuss new uplifts of gaugings from IIA and IIB:
» 10's and 4's,
» 6’s — including trombone.
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Exceptional field theory: Extended space

@ Goal is to rewrite 11-D SUGRA with manifest U-duality. Focus on
bosonic scalar sector. (Full theory: Hohm, Samtleben 2013, 2014 (bosonic), +
Nicolai, Godazgar? 1406.3235 (fermions), Samtleben, Musaev 1412.7286 )

o Consider d = 4 case, i.e. compactification to 7-D SUGRA. U-duality
group SL(5). Local symmetry group SO(5).

o Indices: 4-d i=1,...4, SL(5) a=1,...5.
o U-duality: 6 wrapping modes of M2-branes «— 4 momenta

@ = introduce 6 wrapping coordinates y;; and form U-duality covariant
coordinates Y% in 10 of SL(5). Berman, Godazgar?, Perry 1110.3930

. 1
Y= (v® v)) = (y, 277Ukl}’kl> ;oM =41, (31)
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EFT: Generalised metric and Lie derivative

@ Truncation Ansatz:
ds?, = e®ds? + ds? . (3.2)
(General Ansatz Hohm, Samtleben 2013, 2014)
@ Scalar sector parameterises the coset space gé(é)) x RT. RT related to
the trombone symmetry:

e i.e. dsz, 3-form in internal directions and ¢ can be combined in a
“generalised metric” Duff 1990, Hull 0701203, Berman, Perry 1008.1763,
SL(5)
S0(5)
@ Introduce SL(5)-compatible generalised Lie derivative, i.e. it must

Preserve €spcde-

Map € x RT. (3.3)

1 1
LeV2 = SE50pc V2 + Vo0l — VPOl (3.4)

Berman, Godazgar?, Perry 1110.3930
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EFT: Section condition

@ Generalised Lie derivative combines diffeos and gauge transformations.

@ Closure of algebra of generalised Lie derivatives
[Le, Ly] VO = L gV + junk (3.5)
= “section condition” to kill junk
NabOcd)P(X) =0, Fap®(X)0eq)®'(X) =0, (3.6)

for all fields q)(X), CD’(X) of the theory. Berman, Godazgar, Perry 1110.3930

@ i.e. fields can't depend on all 10 coordinates!
@ Two solutions
» Dependence only on 4 coordinates X, i =1,...,4 (11-D).
» Dependence only on 3 coordinates X*¥, u,v =1...3 (10-D IIB). Blair,
EM, Park 1311.5109 (other duality groups Hohm, Samtleben 2013, 2014)
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EFT: Action

There is a unique action given in terms of two derivatives (9,p) of myp

that is invariant under generalised Lie derivatives modulo section condition
Berman, Perry 1008.1763:

— / 1 !
S4 = / ’m| < om’ m b aaa’mCdabb’ Med + §mabma b aaa’mCdacb’mbd

3 ,
+§8aa/mab8bb/m + 8m"”bma 5 e I | M| Dppy In |

! ! /
—2m?® 8aa/mab8bb/ In |m| + m? b 833/8bb/mab — mabma b a2/ Oppy In ]m|)

(3.7)

where |m| = |detm_p| and X is lower-dimensional section satisfying the
section condition.

Upon choosing a solution to the section condition, this reduces to scalar
potential of reductions from 11-D SUGRA or |IB SUGRA.

The full 10/11-D theory can be reformulated this way (Hohm, Samtleben 2013,
2014).
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7-D embedding tensor as EFT torsion

To build tensors we can use the Weitzenbock connection as a connection
in EFT:

rab,cd = EcEaabEEd7 (38)
where E;3(Y) € SL(5) x RT is the vielbein: m,, = E;?E,;.
The embedding tensor is the flattened torsion of the Weitzenbock
connection. Blair, EM 1412.0635

1
(L8 —£3) V2 = Srsca”Ubeve. (3.9)

Explicitly, (we will use flattened torsion from now)

5508 — 2ae ;550 (3.10)

Let x be 7-D, Y3 be EFT (here 10-D), then we obtain gauged SUGRAs
by the twist Ansatz, e.g.
g6, Y) = [E(Y)[P&(x),  mab(x,¥) = EZ(Y)Es(Y)ring5(x).
(3.11)
Berman, Musaev 1208.0020, Godazgar2, Nicolai 1312.1061, Hohm, Samtleben 1410.8145

d d
Tsbe — 3r[§E,E] -r

HE
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Irreps of the torsion and the scalar potential

The torsion decomposes into the irreps 15 @ 40 & 10:

;1
d _ &F,d
T5b,c ) abcefZe + 5[a5b]c+ 5[aTb]c+ 366 3b (3'12)
It satisfies the linear constraint!
Scalar potential written in terms of torsion irreps (is fixed by local SO(5)
invariance)

1 25 acd e 5 .ci e F
Sy = demamedS‘gESEJ — —(mabséb)2 + *mamedTgaéeTEg ff
ST 2 3 :
1 a3 P
S s s s _53C87bdf 2~~~ —-3[CEb],df
+ 4m5bm6dméfz 4 8m5bm6dméfz z
) Agb’ﬁEdVEETEJ éé 7

(3.13)
agrees precisely with scalar potential of maximal 7-D gauged SUGRAs.

Scalar potential is not generalised scalar with non-zero trombone 755 —
leads to 7-D gauged SUGRA with EoMs but no action.
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Consistency conditions and symmetries

The twisted Ansatz
map(x, Y) = E2(Y)EpPrings(x), (4.1)

leads to a consistent truncation, i.e. all Y-dependence drops out of EoMs
(and action if 755 = 0), if

(4.2)

are constants and quadratic constraint is satisfied (e.g. by imposing
section).
The consistency conditions are invariant under
@ global SL(5) acting on curved indices (leaves embedding tensor
invariant),
@ global SL(5) acting on flat indices (changes embedding tensor - but
equivalent SUGRA),
@ anything else? T-duality?
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e S.; — sphere / hyperboloid truncations of 11-D and [IA SUGRA.
Hohm, Samtleben 1410.8145

e Some Z3€ _ sphere / hyperboloid truncations of [IB SUGRA?
@ |s there a way to convert IIA truncations into |IB ones?

@ This would have to swap the two inequivalent solutions of section
condition. Something akin to T-duality.

@ What happens in half-maximal gauged SUGRA (nicely fits into DFT)?

> Internal NS-NS sector captured by DFT torsion TAEC and trombone 73.
» A B=1,...6 are O(3,3) indices.
» Split O(3,3) — SO(3,3) to discuss T-duality.

73520 — 10910,  75:6 —6. (4.3)

Dibitetto, Fernandez-Melgarejo, Marqués, Roest 1203.6562, 1506.01294
@ How does this lift to maximal gauged SUGRA / EFT?
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“T-duality” in EFT

Let us break SL(5) — SL(4) ~ Spin(3, 3).

o
e3=1,...,5=(&5) witha=1,...4 SL(4) indices.

S;p — 5&5 ® S55 D S&z,

(5.1)
15— 109 4 ¢ 1.
7bE —y 7007 g 7566) g 75068 g 7585 (5.2)
40— 20 ® 10 © 6 @ 4. |
Ts5 — Tag D Tas »
b g 5 (5.3)

10— 6 @ 4.

@ How can we exchange the 10’s, 6's and 4's?
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“T-duality” in EFT: outer automorphism

e Consider IIA / lIB by dimensional reduction d,5 = 0, i.e. only 6

coordinates Y. No section condition yet.

o Make the Ansatz Ej7 = /2 U2, ul=1,

5 w2y & o
o= (713 2

w

o Define 98 = %60‘575875.

@ We find the only non-zero gaugings are the 10's and 6's:
Ss5 = 4V(a"Oag| VB)B , 75(@B) — y (aglas] \/ﬁﬁ_) :
QT&B = — (601,3 VO—CBQ’B — 5Va5“56a[3 In w) ,

62557 = (90 Vo™ — 55" )
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“T-duality” in EFT: outer automorphism

Ssg = 4V(a"0\ap) Vﬁ)ﬂ , 75(@B) — y (aglas] \/ﬁﬁ_) :
2755 = — (3a,8 Vi —5V35"8ap 'nw) , (5.6)

625[5[’51 — (80‘5 Vaﬁag — 5Va55‘E|n w) .

@ We can exchange the 10’'s and 6's and IIA / 1IB by applying the Z,
outer automorphism of SL(4):

V% s (V*T> @, Do > 0P (5.7)

a

@ IIA section 0,4 # 0, exchanged with IIB section J,, # 0,
w,v=123.

@ NS-NS fields remain invariant!

@ Example: Swapping spheres in IIA and IIB.
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CSO(p, g, r) gaugings from IIA

1A twists of CSO(p, g, r) gaugings are known. These gauge the 10 C 15.
Let 5075 be diagonal and i, v =1,...,4—r, i=5—r,...,4 so that
Sﬁ,j = 77;],7, 5[1[]_ = ]., SU =0.

Twist is:
i (1- v)l/4 8, (1- v)_l/4 Knuwy” 0
Vol = | (1= v) Y47y, (1 - v)_3/4 (1+ Kv) 0 ;
0 0 (1-v41,) ©1)
w=(1-v)/0

e Coordinates y* = YH4,
o v=mnuy"y", u=y'y,.
e K(u,v) satisfies PDE:
21 —-v)(wo K+ vouK)=((1+g—p)(1—v)—u)K—-1. (6.2)

o Indices raised/lowered with §,,,.
Hohm, Samtleben 1410.8145
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SO(p, q) gaugings from IIA

The internal space of the truncation can be read off from the generalised

metric m,p. One finds the non-linear reduction Ansatz similar to Hull,
Warner 1988 :

P o .
ds® = (1+u—v) K%u + W) dy*dy” + 5ijdy’dyf}

+ ds?

Bag=—(1+u— V)fl/2 (1- V)il/z [L+K(L+u—v)eascnyo,

(6.3)
Here A, B = (1,2, 3).

This is a warped HP'9 x R": surface of n*"y,y, + 72 = constant and r flat
directions.
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Example: CSO(p, q, r) gaugings from 1B

Apply outer automorphism: V +— V=T and Oap %% Coordinates,
Y = iy, come from IIB theory.

Twist is

1—v)Y*ARE — (1= )Y Ky 0
Vo2 = | —(1 = v)Y4 iy, (1—v)¥* 0 (6.4)
0 0 (1—v) V%1,

where A,/ =6,/ + Ky,y". The resulting internal space was expected to
be different from the lIA case but is the same:

UP S WO S ..
ds? = (1+u—v)~3/* [(6’“’ + W) dy.dy, + 6" dyidy;

+(1+u—v)Y*ds?,
BABA = —(14+u—v) 21— ) V2(1+ K1+ u—v))BhepiP

:(1—1—u—v)1/2 .
(6.5)
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A no-go theorem

Can we obtain CSO(p, g, r) gaugings in Ssp from 11B? 75@8) from 11A?
This question only makes sense when we have dependence on 3
coordinates. Otherwise, [IA / |IB are the same.

—> non-degenerate S;7.

Write consistency conditions with 10 indices.

Tabeat = 47555057 (6.6)

&fr 54 _ - _4pu 54 £ _4u _54
Es7>" = E5 8uEed Eeg™"0uEsp™",

_z (6.7)
B efE F4u _ E§E4V6U EEJ4M o EEJ4V61/E554M )

The RHS is anti-symmetric in (a'E) <~ (EJ). For Z5(@8) — 775‘5, the LHS

is not antisymmetric.

Z°(@5) only comes from 1I1B! By the “duality”, Saj only comes from IIA.
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Gauging the 4's

The 4 gaugings are automatically zero with the previous Ansatz. Consider
instead

- - _ —1/2Vao7 _1/2Aa
Eaa — wl/ZUaa7 Uaa _ <UJ . w 2 ) . (71)

The consistency equations for 10's and 6's are unchanged. Additionally we
have:

7385 _ v, P00 A (Zs(a,ﬁ) i 325[07,6]) Az, (7.2)
where Az = V5%A,.
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Gauging the 4's

If instead, we consider

) -12y.a
3 _ (W ey
0= (Ve %) 73)

we get the same 10's and 6's but additionally:
Ly a5y gi_ gh
a5 = 5 Vas O0ngB” — B Tap »
7887 _ 07530158’7 +oBla 7151(81,%) +32|3\[B]ﬂ] —([aB37]),
® 26 ( ) -5,
Sag = —2V&B°‘*38a586 - B’BS&B,

55 = —B® (250—5 + BES&B) .
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Swapping the 4's

Can we extend our swap to the 4's?
Take the previous automorphism
Ve VT Qg +— 0% (7.5)

and supplement with
Ay — B2 (7.6)

It is easy to show that:

4C15—4C40,

(7.7)
4C40-4~4C15.

The two 4's are not on an equal footing!
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Example: 10's and 4's

The previous hyperboloid solutions completely describe the gaugings
of the 10's (up to SL(5) rotations).

The 5075 gaugings can be deformed by introducing the 4, 7355 — &

Quadratic constraint:
Sa527° =0, (7.8)

implies there are only solutions when 5&6 is degenerate.

Find the twist matrix that gives this gauging.

Consider 555 with rank 3 and 2 separately.
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Let
Sip =Mz, Mg =1,  with i=12. (7.9)
Quadratic Constraint o )
= 7% = 5%, (7.10)

This cannot be solved with a IIA compactification. Instead, we can solve
the consistency equations with a |IB section using a third coordinate

ys = eV (7.11)
Consistency equations:
Vag0A; = ¢, Vo0l As = VP9 A =0, (7.12)
are solved by
Ay=—cys(1—v) Y4 A, =A;=0. (7.13)
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Rank 3 — internal space

The internal space is

2
1 | g (" yudys)
d52 = dS? + (1 — V) [5“ dy,u,dyl/ — 1_|_U+V

pl+KA+u—v) 2
1+ u—v)|dys+(1—v)/? "y dy,
R T
BMS = _cys (1- v)_l/2 e,
(7.14)
For ¢ = 0, this is the internal space corresponding to the T-dual of the

HP:9 solution.
We can see that the 4 gauging turns on Ramond-Ramond flux and leaves

NS sector invariant!
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Rank 2 — internal space

Now we have
Sﬁ =41, 51;1 =1, (7.15)
with all others zero. Quadratic constraint implies

785 -, 7®5_yg. (7.16)

V,,* depends only on one coordinate y; = Y1*. We can solve the
consistency equations with

Al =1—v) Y (—dp+cys), Ar=As=A,=0. (7.17)

Here y» = Y?* and y3 = Y3* — IIA section!
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Rank 2 — internal space

The internal space is now a circle / hyperbola with R-R 1-form A; such
that

dsfy = (14 u—v) >3 [dy3 + dyf + (dz + Ardyn)?]

dy? _
—i—(l—l—u—v)lB%—l—(l—i-u—v) 2/3 gs2 . (7.18)

Car=—(1+u—v) QA —v) P+ KA +u—v)]nn,
Ay =(1-v) (cys — dya) .
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Not swapping the 4's!

Can we “dualise” these twist matrices to obtain more gaugings?
If we apply the swap A, < B, V < VT and Onp < 0P we get
e constant 10 C 40,
@ constant 4 C 15,
@ constant 4 C 10,
@ non-constant 20 C 40.

In fact, one can show that it is impossible to have a gauging of the above
irreps in 1Al

_ & 54 _ r _4u _54 m _54
~Tab,ed Es7™ = Esp " Oubzg™ — Egp " OuEzg™

&f - _4 4 4 4 4 (7'19)
14 12
~T3b,ed Esf"' = E5p "OEzg " — E;g VO E5p ™

RHS is antisymmetric but LHS is not.
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Gauging the 6's

Let us try and gauge the 6's now. Let us consider a more general
block-diagonal Ansatz than for the 10's:

_ _ _ —-1/2 Va& 0
Eaa = P1/2 Uaa7 Uaa = (w 0 WZ) . (81)

So far we have taken p = w. Now we have the consistency conditions:
SO_‘B == 4p71w V(&aa|a6| VB)B y ZS(&7ﬁ) = pilw Va(aa‘aﬁ‘ Vﬁ'B) 5
2755 = —ptw <3a5 V&BO‘B — SVM;QB@CX[; Inw + 6V&Baﬂﬁa5 In (pflw)> ,
62507 — 71w (97 Vs™ — Vo™ Inw) .
5375 (8.2)

Dualise 755 — (x7)™" = %e

(*7_)545 — 323[@75_] + 3Va65‘58a6 (p_lw) . (8.3)
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Gauging the 6's

(x7)% = 325081 4 3v,558998 (p~1w) . (8.4)
This implies B
V5208 (p~'w) = constant . (8.5)
e So far, p = w which makes (x7)*” and 751881 the same.
@ The condition above fixes p~w but then p can be used to tune
between trombone and 6 C 40.

@ Recall: trombone gaugings = no action principle. 6 C 40 has an
action principle.

@ Does the “duality” relate a theory with an action principle to one
without action principle?

NO! V «— V~T and Onp %P exchanges
= s = 1 s =
s < (k1) ZPEA 56&57525[%6] : (8.6)

It does not exchange the 6's amongst themselves!
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Example: Gauging of 6 C 40

Consider twist with V,,* = 6,%. This fixes p~*w. We can use p to dial
between the two 6's.
Take 755 = 0. This requires

p=ws. (8.7)
We can then solve
1 - = .\ 6/5
w= <1 - 425[6*#316&5&5\/75) , (8.8)
Now let 1,7 =1,...,3 and
=r— 3 Zs[ﬂaD] = Eﬁljﬁa—
5la,B]
2ol { 7504 — pii ’ (8.9)
Then we have
w=(1—auy" —b'7,)%> . (8.10)

Quadratic constraint: a,b* = 0. Reduces exactly to a IIA or IIB section.
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Internal space

The internal space for lIA (b = 0) is
dsg,lo =dy,dy" +(1—-a- )/)2 dss , eV =(1-a- y)3 . (8.11)
For IIB (ap = 0), it is

dsz1o=(1—b-9) 2 dydi"+(1—b-§)V?ds}, e’ =(1-b-y)’.
(8.12)

These two truncations (with az = b/) are “dualised” into each other by

the outer automorphism.

Note that we have the same internal space but one is expressed in string

frame and one in Einstein frame.
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Example: Gauging the trombone

Let us now consider having both 755 and Z5la.8] by taking

w=1-ay)", p=(Q1-ay)"". (8.13)
If y are IIA coordinates, we get the gaugings
5n—6
i . 6ne“”paﬁ Taa = n2 aj (8.14)
while if they are IIB coordinates, we get
) 5n—6 =
ZS[M 4 = gna" Tho = n2 eﬁ,;pa”. (815)

In both cases, the internal space in string frame is
ds? = dy,dy" + (1 —a-y)* ds?, eV =(1—-a-y)*?. (8.16)

We can see that the metric is independent of n and we are tuning the
dilaton to obtain different gaugings.

These reductions have no action principle but do have equations of motion.
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Conclusions and further work

@ We have shown that there is a “duality” relating IIA and IIB
truncations in maximal 7-D SUGRA.
The duality swaps the 10's, and dualises the 6's.
The NS-NS sector remains invariant!
Gaugings with 4's cannot in general be dualised.
We obtained IIB hyperboloid truncations with the same reduction as
for 1A.
We found geometric uplifts for new gaugings
» Hyperboloids with R-R fields.
» Gaugings of the 6 in IIA and IIB.
» Gaugings of the trombone.

Further work:
@ Find truncations corresponding to known solutions of 7-D QC.
e Full classification of solutions of 7-D QC.
@ Section-violating solutions? Lee, Strickland-Constable, Waldram 1506.03457
o Extend to E,.
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