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Motivation

Very successful application of EFT/DFT/EGG.

Uplifting gauged SUGRAs as consistent truncation of 11-d and type II
SUGRA (c.f. Samtleben’s talk).

Geometric understanding of embedding tensor in terms of exceptional
generalised geometry.

So far: max SUSY-preserving truncations, e.g.

I lower-dimensional max gSUGRA from 11-d or N = 2 10-d.
I lower-dimensional 1/2-max gSUGRA from N = 1 10-d.
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Motivation

What about more general 1/2-max truncations?

I e.g. 11-d on K3 → D=7 1/2-max SUGRA with 19 vector
multiplets

I e.g. D=7 1/2-max gSUGRA with θ (de Sitter vacuum)

How do we relate EFT and heterotic SUGRA? (e.g. M-theory /
heterotic duality)

Caveat: I will only address global questions within EGG.

Note: Whenever referring to SUSY, I mean of the gSUGRA, not of a
potential vacuum.
⇒ no Killing spinors required.
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Review of maximal consistent truncations

Consider a truncation M11 = MD ×M11−D (twisted).

Coordinates (x , y)

In principle truncation breaks SUSY because of M11−D .

M11−D admits N spinors Θ(y) ⇒ determines number of SUSY’s of
D-dimensional theory.

Max SUSY ⇔ full set of globally-defined (generalised) spinors
⇔ generalised tangent bundle is trivial
⇔ background has generalised identity structure
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Review of maximal consistent truncations

Consider a truncation M11 = MD ×M11−D (twisted).

Coordinates (x ,Y )

In principle truncation breaks SUSY because of M11−D .

M11−D admits N spinors Θ(Y ) ⇒ determines number of SUSY’s of
D-dimensional theory.

Max SUSY ⇔ full set of globally-defined (generalised) spinors
⇔ generalised tangent bundle is trivial
⇔ background has generalised identity structure
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Identity structures

Trivial generalised tangent bundle
⇔ Id-structure ⇔ globally well-defined E M̄

M , κ (scalar density).

E M̄
M , κ can be expressed in terms of the spinors.

Natural connection: Id-connection, i.e.

∇Id
ME M̄

N = ∂ME M̄
N − ΓId

MN
PE M̄

P = 0 = ∇Id
Mκ .

Preserves each E M̄
M individually (i.e. without spin-connection).

Action can be rewritten using (intrinsic) torsion of Id-connection.
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Maximal truncation Ansatz

Truncation Ansatz: “generalised Scherk-Schwarz”.

Factorise Id-structure in terms of background (Y) × fluctuations (x):

E M̄
M(x ,Y ) = VM̄ M̂(x)UM̂

M(Y ) , κ(x ,Y ) = |e|(x) ρ(Y ) .

Twist UM̂
M(Y ) is background Id-structure (vielbein)

⇒ UM̂
M(Y ) ∈ Ed(d).

UM̂
M(Y ) maps Ed(d) structure group to Ed(d) global symmetry

(U-duality group) of maximal gauged SUGRA.

Truncation Ansatz of other fields determined by their representation.

Aµ
M(x ,Y ) = AµM̂(x) ρ(Y )UM

M̂(Y ) , . . . .
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Consistency of maximal truncation Ansatz

Embedding tensor XM̂N̂
P̂(U) is intrinsic torsion of background:

XM̂N̂
P̂ = LUM̂

UN̂
MU P̂

M .

X satisfies linear constraint automatically, section condition ⇒
quadratic constraint.

All dependence on Y in action appears through X (U) only.

X constant ⇒ consistent truncation Ansatz.
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Backgrounds admitting 16 SUSY’s in EFT

Want 1/2-max gSUGRA ⇒ background admitting spinors
corresponding to 16 supercharges.

These backgrounds have generalised Ghalf structure (c.f.
Strickland-Constable’s talk).

D Ed(d) Hd Ghalf GR

7 SL(5) USp(4) SU(2) SU(2)
6a Spin(5, 5) USp(4)×USp(4) SU(2)× SU(2) SU(2)× SU(2)
6b Spin(5, 5) USp(4)×USp(4) USp(4) USp(4)
5 E6(6) USp(8) USp(4) USp(4)
4 E7(7) SU(8) SU(4) SU(4)×U(1)

D = 4, 5, 6a, 7, Ghalf = Spin(d − 1).
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Generalised Ghalf structure

Define generalised Ghalf structure in terms of tensors.

e.g. SU(2) structure in 4d differential geometry

Ju ∈ Γ
(
Λ2T ∗M

)
, Ju ∧ Jv = δuvvol4 , u, v = 1, . . . , 3 .
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Generalised Ghalf structure

Define generalised Ghalf structure in terms of tensors.

Generalisation of differential forms.

Vector bundles R1, R2, R3 whose fibres are rep spaces R1, R2, R3.

D R1 R2 R3 Rc

7 10 5 5 ∅
6 16 10 16 1
5 27 27 78 27
4 56 133 912 1539

For D = 5, D = 6a, D = 7, the Ghalf structure takes the same form.
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Generalised Ghalf structure

Define generalised Ghalf structure in terms of tensors.

Generalisation of differential forms.

Vector bundles R1, R2, R3 whose fibres are rep spaces R1, R2, R3.

D R1 R2 R3 Rc

7 10 5 5 ∅
6 16 10 16 1
5 27 27 78 27
4 56 133 912 1539

For D = 5, D = 6a, D = 7, the Ghalf structure takes the same form.

NB: Ghalf ⊂ SO(d − 1, d − 1) ⊂ Ed(d).
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Generalised Ghalf structure

Define generalised Ghalf structure in terms of tensors.

Generalisation of differential forms.

Vector bundles R1, R2, R3 whose fibres are rep spaces R1, R2, R3.

D R1 R2 R3 Rc

7 10 5 5 ∅
6 16 10 16 1
5 27 27 78 27
4 56 133 912 1539

For D = 5, D = 6a, D = 7, the Ghalf structure takes the same form.

NB: Ghalf ⊂ SO(d − 1, d − 1) ⊂ Ed(d).

“Dilaton structure”: Ã ∈ Γ (R2), A ∈ Γ (R∗2) with

A⊗ A|R∗c = Ã⊗ Ã|Rc = 0

Ã(A) = 1 .
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Generalised Ghalf structure

Define generalised Ghalf structure in terms of tensors.

Generalisation of differential forms.

Vector bundles R1, R2, R3 whose fibres are rep spaces R1, R2, R3.

D R1 R2 R3 Rc

7 10 5 5 ∅
6 16 10 16 1
5 27 27 78 27
4 56 133 912 1539

For D = 5, D = 6a, D = 7, the Ghalf structure takes the same form.

NB: Ghalf ⊂ SO(d − 1, d − 1) ⊂ Ed(d).

“Dilaton structure”: (E6(6)) AM , ÃM with

A⊗ A|Rc = Ã⊗ Ã|R∗c = 0 , dMNPA
MAN = 0 = dMNP ÃM ÃN ,

Ã(A) = 1 , ÃMAM = 1 .
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Generalised Ghalf structure

Ghalf ⊂ SO(d − 1, d − 1) ⊂ Ed(d).

Ghalf structure: Bu
M ∈ Γ (R1).

u = 1, . . . , d − 1 labels vector rep of SO(d − 1)R .
Compatibility conditions:

Bu ⊗ Ã|R3 = 0 ,

Bu ⊗ Bv |R2 = Ã δuv .
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Generalised Ghalf structure

Ghalf ⊂ SO(d − 1, d − 1) ⊂ Ed(d).

Ghalf structure: Bu
M ∈ Γ (R1).

u = 1, . . . , d − 1 labels vector rep of SO(d − 1)R .
Compatibility conditions:

Bu ⊗ Ã|R3 = 0 , (tα)M
NBu

M ÃN = 0 ,

Bu ⊗ Bv |R2 = Ã δuv , Bu
MBv

NdMNP = ÃP δuv ,

α = 1, . . . , 78 E6(6) adjoint index.
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Generalised Ghalf structure

Ghalf ⊂ SO(d − 1, d − 1) ⊂ Ed(d).

Ghalf structure: Bu
M ∈ Γ (R1).

u = 1, . . . , d − 1 labels vector rep of SO(d − 1)R .
Compatibility conditions:

Bu ⊗ Ã|R3 = 0 , (tα)M
NBu

M ÃN = 0 ,

Bu ⊗ Bv |R2 = Ã δuv , Bu
MBv

NdMNP = ÃP δuv ,

Bu, A and Ã can be expressed in terms of the well-defined spinors.

Bu define positive (d − 1)-dimensional hyperplane in
2× (d − 1)-dimensional
space of split signature.

⇒ Bu, A and Ã together break Ed(d) −→ Ghalf

⇒ define Ghalf structure.
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Ghalf connection and intrinsic torsion

Ghalf ⊂ Hd ⇒ Bu, A and Ã implicitly define generalised metric.

⇒ Possible to rewrite EFT in terms of Bu, A and Ã.

Need a Ghalf connection ∇̃.

∇̃ satisfies
∇̃Bu = ∇̃A = ∇̃Ã = 0 .

Torsion is tensor part of the connection.

L∇̃Λ VM − LΛV
M =

1

2
τNP

MVNΛP .

τMN
P satisfies linear constraint of maximal gSUGRA.
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Intrinsic Ghalf torsion

Torsion depends on choice of connection.

Independent of connection: Intrinsic torsion ∈Wint = W /ImT .

Intrinsic torsion is independent of choice of Ghalf connection.

Can express it without referring to a connection.
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Intrinsic Ghalf torsion

Intrinsic torsion has “universal part”:

Suv = LBuBv ,

Tu = κ−1LBuκ ,

where κ is determinant of external D-dimensional metric.

Dimension-specific part, e.g. in D = 5 extra singlet

U = Ã (LAA) .

Intrinsic torsion because

LBuBv = L∇̃Bu
Bv − τ (Bu,Bv ) = −τ (Bu,Bv ) .
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Rewriting EFT: scalar potential

The “scalar potential” of EFT can be written as

V ε ∼ ∇2ε .

Use N = 2 spinors εi = Θi
α̇ε
α̇ and integrate by parts.

V ∼ ∇Θ∇Θ .

Use A, Ã,Bu ∼ Θ2 to rewrite

V ∼ SuvS
uv + TuT

u + . . . .
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Truncation Ansatz

So far, Bu, A, Ã have arbitrary coordinate dependence.

Truncation by expanding Bu, A, Ã in terms of finite number of
sections defining Ghalf structure.

n(Y ) ∈ R∗2, ñ(Y ) ∈ R2, ωA(Y ) ∈ R1 satisfying

n ⊗ n|R∗c = ñ ⊗ ñ|Rc = 0 , ñ(n) = 1 ,

ωA ⊗ ñ|R3 = 0 ,

ωA ⊗ ωB |R2 = ñ ηAB .

3rd condition ⇒ ωA ∈ VSO(d−1,d−1).

⇒ (VGhalf
, 1)⊕ (1,VGR

) ∈ Ghalf × GR .

A,B = 1, . . . , d + n − 1; n → number of vector multiplets.

ηAB is SO(d − 1, n) metric.

ωA maps Ed(d) to SO(d − 1, n) global symmetry group of gSUGRA.

Emanuel Malek 1/2-max from EFT & Heterotic DFT BIRS Workshop 16 / 29



Scalar truncation Ansatz

Want 1
2 -max SUSY ⇒ no SGhalf

reps!

Scalar truncation Ansatz:

A(x ,Y ) = e−2d(x)/3 n(Y ) ,

Ã(x ,Y ) = e2d(x)/3 ñ(Y ) ,

Bu(x ,Y ) = ed(x)/3 bu
A(x)ωA(Y ) .

Compatibility conditions ⇒ bu
Abv ,A = δuv .

d(x)→ dilaton of 1/2-max gSUGRA.

Identify bu
A(x) related by R-symmetry.

PAB
− = bu

Abu,B = 1
2

(
ηAB −HAB

)
→ SO(d − 1, n) generalised metric

of 1/2-max gSUGRA.

Emanuel Malek 1/2-max from EFT & Heterotic DFT BIRS Workshop 17 / 29



Gauge field truncation Ansatz

In all dimensions, obtain d − 1 + n vector fields:

Aµ
M(x ,Y ) = AµA(x) ρ(Y )ωA

M(Y ) .

Other gauge fields depend on number of dimensions.

E.g. D = 5

A0
µ
M(x ,Y ) = A0

µ(x) ρ(Y ) ñM(Y ) ,

Bµν,M(x ,Y ) = Bµν(x) ρ(Y )2 nM(Y ) ,
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Embedding tensor and consistency

Embedding tensor is intrinsic torsion of background XABC (ω, n, ñ).

NB: 1/2-max ⇔ no SGhalf
reps.

For consistency, all SGhalf
reps of intrinsic torsion must vanish, e.g.

LωA
ωB ⊗ ñ|R3 = 0 .

Closure conditions, e.g.

LωA
ωB

M =
(
LωA

ωB
N
)
ω̃C

NωC
M ,

LωA
n = ñ (LωA

n) n .

We defined the sections ω̃A,M = (ωA ⊗ n)R∗1
.
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Embedding tensor and consistency

Remaining combinations give embedding tensor, must be constant.

Details vary by dimensions, but universal contributions:

fABC = Lω[A
ω̃B|M|ωC ]

M ,

fA = ñ (LωA
n) ,

ξA = ρ−1LωA
ρ (= 0 here) .

XABC satisfies linear constraint of 1/2-max gSUGRA, e.g.

Lω(A
ω̃B)MωC

M ∼ ηAB fC + f(AηB)C .
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D = 5 example

Example: D = 5 embedding tensor. Have nM , ñM , ωA
M and define

ω̃A,M = dMNPn
NωA

P .

Write

ωA
M =

(
nM , ωA

M
)
, ω̃A,M = (ñM , ω̃A,M) , A = 0, . . . , 5 + n .

Define
XABC = LωAωB

M ω̃C,M .

Only non-zero elements are

XA00 = fA , X0AB = −fAB , XABC = −fABC −
1

2
ηAB fC + ηC(AfB) ,

with fAB = f[AB] and fABC = f[ABC ].

This is exactly the 5-D SO(5, n) embedding tensor.
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Consistent truncation

Applying truncation to EFT action we obtain 1/2-max gauged
SUGRA action.
E.g. EFT scalar potential V ∼ SuvS

uv + TuT
u + . . ..
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Consistent truncation

Applying truncation to EFT action we obtain 1/2-max gauged
SUGRA action.
E.g. EFT scalar potential V ∼ SuvS

uv + TuT
u + . . ..

E.g. D=5 scalar potential

|e|−1V = e−2d fABC fDEF

(
− 1

12
HADHBEHCF +

1

4
ηADηBEHCF

−1

6
ηADηBEηCF

)
− 1

8
e−2dHAB fAfB

+
1

4
e4d fAB fCD

(
ηACηBD −HACHBD

)
−
√

2

3
ed fABC fDEHABCDE ,

where HABCDE = εuvwxybu
Abv

Bbw
Cbx

Dby
E .
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Consistent truncation – summary

Truncation is consistent given closure condition, spinor condition and
constant embedding tensor.

Embedding tensor automatically satisfies linear constraint of 1/2-max
gSUGRA.

Section condition ⇒ quadratic constraint.

With truncation Ansatz, action reduces to that of 1/2-maximal
gSUGRA.

Examples:

I ungauged 7-d SO(3, 19) SUGRA from M-theory on K3
I ungauged non-chiral 6-d SO(4, 20) SUGRA from M-theory on
K3× S1.

I chiral 6-d SUGRA from IIB on K3.
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From truncation to heterotic DFT

Consider using truncation Ansatz but still keeping dependence on Y .
c.f. massive IIA from EFT.

A(x ,Y ) = e−2d(x ,Y )/3 n(Y ) ,

Ã(x ,Y ) = e2d(x ,Y )/3 ñ(Y ) ,

Bu(x ,Y ) = ed(x ,Y )/3 bu
A(x ,Y )ωA(Y ) .

But restrict ∂M derivatives by

(n ⊗ ∂) |R∗3d = (n ⊗ ∂) |R∗3bu
A = 0 .
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From truncation to heterotic DFT

Consider using truncation Ansatz but still keeping dependence on Y .
c.f. massive IIA from EFT.

A(x ,Y ) = e−2d(x ,Y )/3 n(Y ) ,

Ã(x ,Y ) = e2d(x ,Y )/3 ñ(Y ) ,

Bu(x ,Y ) = ed(x ,Y )/3 bu
A(x ,Y )ωA(Y ) .

But restrict ∂M derivatives by

(n ⊗ ∂) |R∗3d = (n ⊗ ∂) |R∗3bu
A = 0 .

E.g. D = 5
nM (tα)M

N∂Nd = nM (tα)M
N∂Nbu

A = 0 .

Emanuel Malek 1/2-max from EFT & Heterotic DFT BIRS Workshop 24 / 29



From truncation to heterotic DFT

Consider using truncation Ansatz but still keeping dependence on Y .
c.f. massive IIA from EFT.

A(x ,Y ) = e−2d(x ,Y )/3 n(Y ) ,

Ã(x ,Y ) = e2d(x ,Y )/3 ñ(Y ) ,

Bu(x ,Y ) = ed(x ,Y )/3 bu
A(x ,Y )ωA(Y ) .

But restrict ∂M derivatives by

(n ⊗ ∂) |R∗3d = (n ⊗ ∂) |R∗3bu
A = 0 .

E.g. D = 5
nM (tα)M

N∂Nd = nM (tα)M
N∂Nbu

A = 0 .

Assume derivatives can be expanded in ω̃A.
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From truncation to heterotic DFT

Consider using truncation Ansatz but still keeping dependence on Y .
c.f. massive IIA from EFT.

A(x ,Y ) = e−2d(x ,Y )/3 n(Y ) ,

Ã(x ,Y ) = e2d(x ,Y )/3 ñ(Y ) ,

Bu(x ,Y ) = ed(x ,Y )/3 bu
A(x ,Y )ωA(Y ) .

But restrict ∂M derivatives by

(n ⊗ ∂) |R∗3d = (n ⊗ ∂) |R∗3bu
A = 0 .

E.g. D = 5
nM (tα)M

N∂Nd = nM (tα)M
N∂Nbu

A = 0 .

Assume derivatives can be expanded in ω̃A.

∂Md = ω̃A
MωA

N∂Nd , ∂Mbu
A = ω̃B

MωB
N∂Nbu

A .

Theory has only 16 supercharges.
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Heterotic “doubled space”

Define d − 1 + n twisted derivatives

DA = ωA
M∂M , [DA,DB ] = fAB

CDC + section condition .

Impose fAB
CDC = 0 and section condition.

Can write DA −→ ∂A (d+n-1 derivatives of heterotic DFT).

fAB
C∂C = 0 is required in Heterotic DFT.
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Heterotic generalised Lie derivative

Consider VM(x ,Y ) = V A(x ,Y )ωA
M(Y ),

ΛM(x ,Y ) = ΛA(x ,Y )ωA
M(Y ).

Generalised Lie derivative becomes

LΛV
M = ωA

M
(

ΛB∂BV
A − V B∂BΛA + ηABηCDV

C∂BΛD

+f ABCV
BΛC

)
Heterotic generalised Lie derivative & fABC encodes gauge group!

Section condition becomes ηAB∂A ⊗ ∂B = 0.

Restricts dependence to d − 1 coordinates.

Action becomes Heterotic DFT action.

bu
A −→ “frame-like formulation of DFT”.
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M-theory / Heterotic duality

Consider SL(5) EFT on K3× T 6.

K3 ⇒ 22 ωA
M with fABC = fA = 0.

T 6 ⇒ bu
A(x ,Y ) and d(x ,Y ) are independent of Y .

Two ways to approach this.

1: Remove T6 by section condition ⇒ SL(5) EGG ⇒ K3 truncation
of 11-d SUGRA.

2: “Remove K3” by section condition
⇒ SO(3, 19) Heterotic DFT with U(1)16 gauge group ⇒ T 3

truncation of Heterotic SUGRA.
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Conclusions

Half-maximal gSUGRAs can be obtained by consistent truncation on
Ghalf -structure manifolds.

Can couple to n vector multiplets ⇒ SO(d − 1, n) global symmetry.

Intrinsic torsion of background → embedding tensor.

Automatically satisfies linear constraint.

Section condition ⇒ quadratic constraint.

EFT can be reduced to heterotic DFT using Ghalf -structure manifolds.

Matches expectations from M-theory / heterotic duality.
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Outlook

Examples!

Uplift 7-D de Sitter vacuum.

Less SUSY.

Solutions in M-theory ↔ heterotic, e.g. M5 on K3 ↔ heterotic string.

Better understanding of doubled structure ↔ gauge enhancement?
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