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From lower dimensions to 10/11-D

I have some nice lower-dim SUGRA with e.g. Lifshitz background,
black holes, AdS vacuum, . . . .

Does it come from 10/11-D SUGRA (string theory)?

SUGRA specified by no. of SUSY, multiplets + “embedding tensor”:
θM̄N̄

P̄ .
[de Wit, Nicolai, Samtleben, . . . ]

Can we “geometrise” θM̄N̄
P̄?
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Consistent truncation?

Consistent truncation

A consistent truncation of 10/11-d SUGRA is an Ansatz that yields a
lower-dimensional (gauged) SUGRA, all of whose solutions are also
solutions of the initial SUGRA.

E.g. GR on S1 has a consistent truncation to
Einstein-Maxwell-Dilaton.

GR on S1 with φ = 0 is not consistent!

�φ ∼ F 2 .
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Consistent truncations are hard

Non-linearity of EoM’s ⇒ consistent truncations are in general hard
to find!

Useful tools: singlets under symmetry group, Scherk-Schwarz
reductions on group manifolds.

Many interesting consistent truncations do not fall into these classes:

I IIB on S5,
I 11-D on S4, S7.
I N = 1 on G −→ gauge group G × G .
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Maximally SUSY truncations

Consider maximally SUSY truncations of (D + n)-dimensional
SUGRA (no fluxes), X µ̂ = (xµ, ym)

(D + n)-dimensional KK Ansatz:

Eµ̂â =

(
φ−γeµ

a Aµ
mΦm

i

0 Φm
i

)
Maximal SUSY ⇒ maximal set of well-defined nowhere-vanishing
spinors

⇒ “parallelisable internal manifold” (“Id structure”)

⇒ n well-defined nowhere-vanishing vector fields Φi
m ∈ GL(n)

Internal vielbein: gmn = Φm
iΦn i .
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Scherk-Schwarz truncations

D + n-dimensional GR:

Eµ̂â =

(
φ−γeµ

a Aµ
mΦm

i

0 Φm
i

)
Simplest example of consistent truncation: T n

eµ
a(x , y) = eµ

a(x) ,

Aµ
m(x , y) = Aµ

m(x) ,

Φm
i (x , y) = Φm

i (x) .

Obtain ungauged D-dimensional Einstein-Maxwell-Scalar

U(1)n gauge group.
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Scherk-Schwarz truncations

D + n-dimensional GR:

Eµ̂â =

(
φ−γeµ

a Aµ
mΦm

i

0 Φm
i

)

More interesting: Scherk-Schwarz Ansatz on group manifold G

eµ
a(x , y) = eµ

a(x) ,

Aµ
m(x , y) = Aµ

m̄(x)Um̄
m(y) ,

Φm
i (x , y) = Φm̄

i (x) (U−1)m
m̄(y) ,

where U ∈ G ⊂ GL(n).

Obtain gauged D-dimensional Einstein-Maxwell-Scalar

Gauge group G ⊂ GL(n) (“Intrinsic torsion”):

LUm̄Un̄
m = fm̄n̄

p̄Up̄
m .
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Beyond Scherk-Schwarz

Many important truncations are not on group manifolds!

Cannot be explained by simple group theory arguments

I 11-d on S4, S7 −→ SO(5) / SO(8) gSUGRA?
I IIB on S5 −→ SO(6) gSUGRA?

N = 1 on G −→ G × G gauge group!

Important for AdS/CFT, etc.

p-form gauge fields are crucial.
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Generalising Scherk-Schwarz via Kaluza-Klein

Consider 1-form.

Einstein-Maxwell-Dilaton: S =
∫
dD+2x

√
|g |
(
R − (∇φ)2 − eαφF 2

)
For specific α has consistent S2 reduction [Cvetic, Lü, Pope].

ds2
D+2 = Y

1
D

(
∆

1
D ds2

D + g−2∆
− D−1

D T−1
ij Dµ

i
Dµ

j
)
,

e

√
2(D)
D+1

φ̂
= ∆−1Y

D−1
D+1 ,

F̂2 =
1

2
εijk

(
g−1∆−2

µ
i
Dµ

j ∧Dµ
k − 2g−1∆−2

Dµ
i ∧DTjlTkmµ

l
µ
m − ∆−1F

ij
(2)

Tklµ
l
)
.

D-dimensional GR-YM-Scalars with SU(2) gauge group!

Better way to see this?
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Consistent S2 reductions

(D + 3)-dim GR: S =
∫
dd+3

√
|G |R(G )

Scherk-Schwarz on SU(2) [Cvetic, Lü, Pope, Gibbons].
Explains existence of consistent truncation, value of α and truncation
Ansatz:

eµ
a(x , y) = eµ

a(x) ,

Aµ
m(x , y) = Aµ

m̄(x)Um̄
m(y) ,

Φm
i (x , y) = Φm̄

i (x) (U−1)m
m̄(y) .
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Exceptional field theory

p-form fluxes are crucial in S4, S5, S7 compactifications of 10/11-d
SUGRA.

“Geometrise” these via exceptional field theory / generalised
geometry.
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Exceptional field theory

[Siegel]; [Duff]; [Hull, Zwiebach]; [Hohm, Hull, Zwiebach]; [Hull]; [Berman, Perry],

[Hohm, Samtleben]; [Hitchin]; [Gualtieri]; [Coimbra, Strickland-Constable, Waldram]

KK split of 11-d SUGRA: M11 = MD ×M

Unify symmetries of fields in M:

δg = Lvg , δC(3) = LvC(3) + dχ(2) ,

δC(6) = LvC(6) + dχ(5) −
1

2
dχ(2) ∧ C(3) , . . .

Generalised vector field: V = v + χ(2) + χ(5) + . . .

Section of R1 ' TM ⊕ Λ2T ∗M ⊕ Λ5T ∗M ⊕ . . .
R1 admits action of Ed(d).
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Examples

D Ed(d) Hd

9 SL(2)× R+ U(1)
8 SL(2)× SL(3) U(1)× SU(2)
7 SL(5) USp(4)
6 Spin(5, 5) USp(4)×USp(4)
5 E6(6) USp(8)
4 E7(7) SU(8)
3 E8(8) SO(16)

R1 ' TM ⊕ Λ2T ∗M ⊕ Λ5T ∗M ⊕ . . .
D = 7, SL(5), R1 = 10 = 4 + 6.

D = 5, E6(6), R1 = 27 = 6 + 15 + 6.

Patching with GL(d) ⊂ Ed(d).
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Degrees of freedom

Recall M11 = MD ×Md .

Internal bosonic degrees of freedom (scalars on MD) −→ generalised
metric MMN .

MMN parameterises coset Ed(d)/Hd :{
g , C(3) , C(6) , . . .

}
=MMN ∈

Ed(d)

Hd
.

Covectors on MD , . . . also form generalised tensors

{gµ i , Cµ ij , . . .} = AµM ∈ Ω̃1 (MD)× Γ (R1) ,

{Cµν i , . . .} = Bµν I ∈ Ω̃2 (MD)× Γ (R2) .

Obtain other generalised vector bundles: R2, R3, . . . this way.

Fermions organise according to Hd .
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Generalised Lie derivative and action

Generalised Lie derivative

LV = VM∂M + (∂ ×adj V ) = diffeo + gauge transf ,

with ∂M =
(
∂i , ∂

ij , ∂i1...i5 , . . .
)

= (∂i , 0 , . . . , 0).

E.g.
LVMMN −→

{
Lvg , LvC(3) + dχ(2) , . . .

}
.

Can construct generalised connections, curvature, . . . , and action!

L =
√
|g |
(
Rg + gµν∂µMMN∂νMMN + Fµν

MFµν NMMN −R+ . . .
)
,

with
R =MMNRMN =MMN∂MMPQ∂NMPQ + . . .
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General ∂M?
Closure: [LV ,LW ] = L[V ,W ] ⇒ “section condition”

YMN
PQ ∂M f ∂Ng = YMN

PQ ∂M∂N f = 0 . (1)

Different solutions of (1) give 11-d/IIA/IIB generalised geometries.

GL(d) ⊂ Ed(d):

∂M =
(
∂i , ∂

ij , ∂i1...i5 , . . .
)

= (∂i , 0 , . . . , 0) .

11-d gen geometry: R1 ' TM ⊕ Λ2T ∗M ⊕ Λ5T ∗M ⊕ . . .
GL(d − 1)× SL(2) ⊂ Ed(d):

∂M = (∂α , ∂
α,u , ∂α1α2α3 , ∂α1...α5,u , . . .) = (∂α , 0 , . . . , 0) .

IIB gen geometry: R1 ' TM ⊕ 2 · ΛT ∗M ⊕ Λ3T ∗M ⊕ 2 · Λ5T ∗M ⊕ . . .
Action reduces to 11-d/IIB.
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Maximal gauged SUGRA D = 11− d dimensions

M11 = MD ×Md .

1 gravitational supermultiplet

Mscalar ∈
Ed(d)

Hd

dim(R1) vector fields

Gauge group ⊂ Ed(d)

Linear constraint: P (θ) = 0

Quadratic constraints: P
(
θ2
)

= 0
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Maximal SUSY and generalised parallelisability

SUSY variations:
δεψ ∼ ∇ε+ /F ε .

Fluxes generate Hd ⊃ SO(d) action on spinors.

Maximal SUSY + fluxes ⇒ maximal set of Hd spinors!

⇒ “generalised parallelisability” (“gen Id structure”), well-defined
nowhere-vanishing generalised vector fields EA

M ∈ Ed(d):

EA = vA + ω(2)A + ω(5)A + . . . (2)

[Lee, Strickland-Constable, Waldram]

Generalised vielbeine:

EM
AEN

BδAB =MMN .

E.g. S4, S5, S7 are generalised parallelisable!
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Generalised Scherk-Schwarz

[Aldazabal, Baguet, Baron, Berman, Blair, Cassani, Dibitetto, Fernández-Melgarejo,

Geissbühler, Graña, Hohm, Inverso, Lee, EM, Marqués, Nunez, Perry, Petrini, Pope,

Roest, Samtleben, Strickland-Constable, Thompson, Trigiante, Waldram, . . . ]

“Generalised Scherk-Schwarz truncation”:

EM
A(x ,Y ) = EM̄

A(x) (U−1)M
M̄(Y ) ,

Aµ
M(x ,Y ) = Aµ

M̄(x)UM̄
M(Y ) ,

where UM̄
M ∈ Ed(d) define background Id-structure.

Gaugings = “Intrinsic torsion”

LUM̄
UN̄

N = ΘM̄N̄
P̄UP̄

M .

c.f. LUm̄Un̄
m = fm̄n̄

p̄Up̄
m.

P (θ) = 0

Section condition ⇒ P
(
Θ2
)

= 0.

Consistency of sphere, hyperboloid truncations, Pauli truncations,
non-geometric truncations . . .
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How to break half the SUSY?
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Half-maximal gauged SUGRA D = 11− d > 4 dimensions

1 gravitational supermultiplet + N vector supermultiplets

Mscalar ∈ O(d−1+N)
O(d−1)×O(N) × R+

d − 1 + n vector fields

Gauge group ⊂ O(d − 1 + N)

(fABC , fA)⊕


θ , D = 7 ,
θA , D = 6 ,
θAB , D = 5 ,

A = 1, . . . , d − 1 + N

Quadratic constraint: fE [AB fCD]
E + . . . = 0.

[Bergshoeff, Gomis, Nutma, Roest]; [Schön, Weidner]
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Ghalf-structures and half-maximal SUSY

Half-maximal set of Hd spinors Ψ.
Generalised structure group Ghalf = SO(d − 1) ⊂ Hd ⊂ Ed(d).

D Ed(d) Hd Ghalf GR

7 SL(5) USp(4) SU(2) SU(2)
6a Spin(5, 5) USp(4)×USp(4) SU(2)× SU(2) SU(2)× SU(2)
6b Spin(5, 5) USp(4)×USp(4) USp(4) USp(4)
5 E6(6) USp(8) USp(4) USp(4)
4 E7(7) SU(8) SU(4) SU(4)×U(1)
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Ghalf-structures and half-maximal SUSY

Half-maximal set of Hd spinors Ψ.
Generalised structure group Ghalf = SO(d − 1) ⊂ Hd ⊂ Ed(d).

D Ed(d) Hd Ghalf GR

7 SL(5) USp(4) SU(2) SU(2)
6a Spin(5, 5) USp(4)×USp(4) SU(2)× SU(2) SU(2)× SU(2)
6b Spin(5, 5) USp(4)×USp(4) USp(4) USp(4)
5 E6(6) USp(8) USp(4) USp(4)
4 E7(7) SU(8) SU(4) SU(4)×U(1)

D = 5, 6a, 7 similar pattern.

D = 4, 6b slightly different.
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Ghalf-structures and half-maximal SUSY

Describe bosonically using “generalised differential forms”.

Sections of R1, R2, R3, . . . , RD−3

D Ed(d) R1 R2 R3 Rc

7 SL(5) 10 5 5 ∅
6a Spin(5, 5) 16 10 16 1
5 E6(6) 27 27 78 27
4 E7(7) 56 133 912 1539

R1 R2 . . . RD−3
∧ ∧ ∧

RD−3 . . . R2 R1
d d d
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Ghalf-structures and half-maximal SUSY

Generalised tensors stabilised by SO(d − 1) ⊂ Ed(d):

Ju
M ∈ Γ (R1) , KI ∈ Γ (R2) , K̂ I ∈ Γ (RD−4) ,

u = 1, . . . , d − 1 of SO(d − 1)R , satisfying

K ∧ K̂ > 0 , K ×Rc K = K̂ ×R∗c K̂ = 0 ,

Ju ∧ K = 0 , Ju ∧ Jv = δuv K .

Generalisations of ω(2), Ω(2) on K3.
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Ghalf-structures and half-maximal SUSY

Generalised tensors stabilised by SO(d − 1) ⊂ Ed(d):

Ju
M ∈ Γ (R1) , KI ∈ Γ (R2) , K̂ I ∈ Γ (RD−4) ,

u = 1, . . . , d − 1 of SO(d − 1)R , satisfying

K ∧ K̂ > 0 , K ×Rc K = K̂ ×R∗c K̂ = 0 ,

Ju ∧ K = 0 , Ju ∧ Jv = δuv K .

Generalisations of ω(2), Ω(2) on K3.

K , K̂ break Ed(d) −→ SO(d − 1, d − 1).

Ju break SO(d − 1, d − 1) −→ SO(d − 1).
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Ghalf-structures and half-maximal SUSY

Generalised tensors stabilised by SO(d − 1) ⊂ Ed(d):

Ju
M ∈ Γ (R1) , KI ∈ Γ (R2) , K̂ I ∈ Γ (RD−4) ,

u = 1, . . . , d − 1 of SO(d − 1)R , satisfying

K ∧ K̂ > 0 , K ×Rc K = K̂ ×R∗c K̂ = 0 ,

Ju ∧ K = 0 , Ju ∧ Jv = δuv K .

Generalisations of ω(2), Ω(2) on K3.

K , K̂ break Ed(d) −→ SO(d − 1, d − 1).

Ju break SO(d − 1, d − 1) −→ SO(d − 1).

Ju, K and K̂ implicitly define generalised metric.
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Example: K3× T 2, D = 5, E6(6)

volK3, ΩU , U = 1, . . . , 3,

ΩU ∧ ΩV = δUV volK3 .

volT 2 , vA, σA, A = 1, 2

ıvAσB = δAB , σ1 ∧ σ2 = volT 2 .

SO(5) structure: K ∈ Γ (R2), K̂ , Ju ∈ Γ (R1).

R1 = TM ⊕ Λ2T ∗M ⊕ Λ5T ∗M

R2 =
(
T ∗M ⊗ Λ6T ∗M

)
⊕ Λ4T ∗M ⊕ T ∗M

K = volK3 , K̂ = volT 2 ,

JU = ΩU , JA = vA + σA ∧ volK3 ,
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Truncation Ansatz

Expand K , K̂ , Ju and κ in terms of “background” SO(d − 1)
structure: n(Y ), n̂(Y ), ωA(Y )

n ∧ n̂ > 0 , n ×Rc n = n̂ ×Rc n̂ = 0 ,

ωA ∧ n = 0 , ωA ∧ ωB = δAB n ,

with A = 1, . . . , d − 1.

K (x ,Y ) = Σ−2(x) n(Y ) , K̂ (x ,Y ) = Σ2(x) n̂(Y ) ,

Ju(x ,Y ) = Σ−1(x)bu
A(x)ωA(Y ) , Aµ

M(x ,Y ) = aµ
A(x)ωA

M(Y ) ,

bu
A and Σ are scalar fields of half-maximal gSUGRA{

bu
A , Σ

}
∈ R+ .
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Truncation Ansatz

Expand K , K̂ , Ju and κ in terms of “background” SO(d − 1− N)
structure: n(Y ), n̂(Y ), ωA(Y )

n ∧ n̂ > 0 , n ×Rc n = n̂ ×Rc n̂ = 0 ,

ωA ∧ n = 0 , ωA ∧ ωB = ηAB n ,

with A = 1, . . . , d − 1 + N. ηAB −→ SO(d − 1,N).

K (x ,Y ) = Σ−2(x) n(Y ) , K̂ (x ,Y ) = Σ2(x) n̂(Y ) ,

Ju(x ,Y ) = Σ−1(x)bu
A(x)ωA(Y ) , Aµ

M(x ,Y ) = aµ
A(x)ωA

M(Y ) ,

N ≤ d − 1 vector multiplets.

bu
A and Σ are scalar fields of half-maximal gSUGRA{

bu
A , Σ

}
∈ SO(d − 1,N)

SO(d − 1)× SO(N)
× R+ .
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Consistency condition

Consistency requires differential condition: use d and L.

Intrinsic torsion of SO(d − 1− N) structure

LωA
ωB = fAB

CωC +
1

2
ηAB f

CωC + f[AωB] + . . . ,

dn = f AωA + . . . ,

dn̂ =

{
θn + . . . , D = 7 ,
θAωA + . . . , D = 6 ,

Ln̂ωA = θABω
B + . . . , Ln̂n = . . . , D = 5 .

must satisfy

I closure condition & spinor condition
I constant condition: fABC , fA, θ, . . . are constant.

Emanuel Malek EFT and (half-)maximal consistent truncations Seminar 26 / 29



Consistency condition

Consistency requires differential condition: use d and L.

Intrinsic torsion of SO(d − 1− N) structure

LωA
ωB = fAB

CωC +
1

2
ηAB f

CωC + f[AωB] ,

dn = f AωA ,

dn̂ =

{
θn , D = 7 ,
θAωA , D = 6 ,

Ln̂ωA = θABω
B , Ln̂n = 0 , D = 5 .

must satisfy

I closure condition & spinor condition
I constant condition: fABC , fA, θ, . . . are constant.

Embedding tensor of 1/2-max gSUGRA.

Section condition ⇒ fE [AB fCD]
E + . . . = 0
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Vacua

From SUSY variations: 1/2-max AdS vacua

LJuJv = RuvwJ
w , LJu K̂ = dK = 0 ,

and

I D = 7: dK̂ = εuvwRuvwK ,
I D = 6: dK̂ = εuvwxRuvwJx ,
I D = 5: LK̂Ju = εuvwxyR

vwxJy and LK̂K = 0.

1/2-max Minkowski vacuum: Ruvw = 0

Examples: K3× T n, S4/Zk , S5/Zk , LLM, Gaiotto-Maldacena
geometries, . . .
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1/2-maximal universal consistent truncations

Conjecture (Gauntlett & Varela)

For any SUSY solution of D = 10 or D = 11 SUGRA that consists of a
warped product AdSD ×w M, there is a consistent truncation on M to a
D-dimensional gauged SUGRA keeping only the gravitational
supermultiplet.

Proof in 1/2-max case in D ≥ 4: keep only Ghalf singlets!

Recall (D = 5):

LJuJv = RuvwJ
w , dK = LJu K̂ = LK̂K = 0 ,

LK̂Ju = εuvwxyR
vwxJy .

Ju −→ ωu, K −→ n, K̂ −→ n̂

Ruvw −→ fuvw , εuvwxyR
wxy −→ θuv .
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Outlook

New consistent truncations.

Uplift of de Sitter gSUGRA in D = 7 [Dibitetto, Fernández-Melgarejo,

Marqués].

Uplift of de Roo-Wagermans angles. (related to DFT at SL(2) angles
[Ciceri, Dibitetto, Fernandéz-Melgarejo, Guarino, Inverso]).

New 1/2-max Minkowski / AdS vacua?

Effective theories / moduli.

Related to heterotic theories (via duality); gauge enhancement.

Other amounts of SUSY c.f. [Ashmore, Ashmore, Gabella, Graña, Petrini,

Waldram], [Coimbra, Strickland-Constable].
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