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Non-geometric backgrounds

String phenomenology based on compactifications, e.g. My x CY3.
Fluxes play important role for moduli stabilisation, etc.

T-duality suggests existence of “non-geometric fluxes” Q/*, Rk,

Such “T-fold” backgrounds are patched by T-dualities: not
manifolds! [Hull hep-th/04061202]

Non-geometric fluxes rich phenomenological structure.

@ Related to “exotic branes” [de Boer, Shigemori arXiv:1209.6056].

o “Geometry"” fails
» Globally non-geometric background (metric, B-field globally
ill-defined)
» Locally non-geometric background (no local target space
interpretation, no point particles, . ..)
@ Double field theory & exceptional field theory “geometrise” T /U-folds.
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T3 duality chain

e Consider 3-d compactification with H-flux, e.g. T3 with H-flux.
[Kachru, Schulz, Tripathy, Trivedy hep-th/0211182]
[Shelton, Taylor, Wecht hep-th/0512005]
Tiooi Ty i Tk, pijk Cep
o Hijx — fj — Q) — RV, (i,j,k=1,...,3).
o T; denotes T-duality along x' direction.

o Hix, 62 Q,’{ Rk appear naturally in the embedding tensor of
half-maximal gSUGRA.

o Start with T3 with H-flux:
ds? = ()2 + (%) + (%), Ba=N3. (1)
o ldentifications:
(Xl,Xz,X3) ~ (X1 + 1,x2,x3) ~ (Xl,X2 + 1,X3) ~ (Xl,xz,x3 + 1).
o H-flux: Hipz3 = N.
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[I: Twisted Torus

e Duality along x! gives twisted torus T3:

ds® = (dx:l — Nx3dx2)2 + (dx2)2 + (dX3)2 ) Bj=0. (2)

o ldentifications:

(xh 5% 3) ~ (xP+1,%%,%3) ~ (x1 5%+ 1,x°)

3
~ (x1+Nx2,x2,x3+1) . 3
o T3isa U(1)-bundle over T2 with 1st Chern class
Hx(T?,Z) > [c1] = N # 0.
@ Geometric flux can be defined using globally well-defined 1-forms
nt = dx! — Nx3dx?, n? = dx?, n® = dx3, ()

dn' = fid An*, By =N.
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l11: Globally non-geometric background

e Duality along x? gives non-geometric background.
@ Buscher rules:
dx1)? + (dx?)? N3
ds® = ()" + X2) + (dx3)2 ; Bip= — 5. (5)
1+ N2(x3) 1+ N2(x3)

Globally only defined up to T-duality transformation.

Well-defined background in DFT with doubled coordinates
(xl,x2

3 ~ ~ ~
y X ,X1,X2,X3)-

“Section” (polarisation) not globally well-defined: mixing of x' and %;.

Globally, momentum and winding are mixed.
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[: Q-flux

DFT / generalised geometry description leads to alternative
well-defined objects (g,_,, ﬁU) [Grafia, Minasian, Petrini, Waldram
arXiv:0807.4527] , given by

g=2 (-8B e+ ") .
1 -1 (6)
=5 (6B ++B) )

Here they are
ds* = () + () + (a3)?,  p2=mlE. (1)
As x> = x3+1, B2 = 2+ N.

o DFT / GG easily show this is a symmetry = gj;, B9 well-defined.
@ Background classified by “Q-flux" which is a spacetime tensor, here

given by [Andriot, Hohm, Larfors, Liist, Patalong arXiv:1202.3060]

QFf=ap, = Q=N. (8)
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IV: R-flux

Duality along x3 gives locally non-geometric background.
x3 not isometry = Buscher fails.
T-duality is left/right asymmetric twist on CFT.

Formally apply this asymmetric twist: “generalised T-duality”
[Dabholkar, Hull hep-th/0512005].

“Dual coordinates” X3 appear.

Winding number not conserved

= there are no zero-winding states: point-particle approximation fails
= no SUGRA picture.

Target space picture non-existent.
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IV: R-flux

o Background makes sense in DFT because of (x*,x2,x3, %1, %, %3).

e = Formally apply Buscher as if x3 were isometry and exchange

x3 +— X3
02 2)2 2)2 3)2 12 <
ds” = (dx*)" + (dx*)” + (dx*)”, B = NX3. (9)
@ Background classified by “R-flux" which is a spacetime tensor, here
given by
ik _ Ali qjk] Al Bi ij 5 0
R =o', 0'=0"+pY0;, 8—§. (10)

@ We have R123 = N. [Andriot, Hohm, Larfors, Liist, Patalong arXiv:1202.3060].
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Non-geometric fluxes in M-theory

@ Consider 4-d U-folds: 4-d backgrounds patched by U-dualities.

@ Described naturally by SL(5) exceptional field theory:
10 coords x%, Xag, @ =1,...,4.

@ H-flux, geometric flux and Q-flux generalise easily. But how do we
generalise RUk?

o Non-geometric fluxes made uses g, 57.

e From SL(5) EFT, natural variables: (g8, Cagy) — (8ag, 2°%7).
o QI =08,0%7.

o Rik = jligiKl _ Rebrr — §leBQrdrl — 0 not possible!
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Local non-geometry in M-theory

ik .
@ Recall: fluxes Hjj, fuk Q{ Rk are spacetime tensors naturally

appearing in embedding tensor of 1/2-maximal gSUGRA.

@ M-theory non-geometric fluxes are spacetime tensors appear naturally
in embedding tensor of maximal gSUGRA.

e [Blair, EM arXiv:1412.0635]|=- M-theory R-flux is given by
R8Y0p — HolBqrorel (11)

with 928 = §oB 1 Q“/B'V@ and 9°F =

- BXa,g
@ One can check that R*#79 transforms as a spacetime tensor.

@ Toy model of non-geometric background?
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M-theory non-geometry via twisted torus

o U-duality along 3 directionS' 11-d background < 11-d background.

0 g Fusys €25 Q0,3 &2 ginia,
e Consider twisted torus T3 x St
ds; = (dx' — Nx?’dx2)2 + (dxz)2 + (dx3)2 + (dx4)2 , (12)
~~ 7 N
twisted torus T3 St

with identifications
(Xl,x2,x3,x4) ~ (X1 + 1,x2,x3,x4) ~ (xl,x2 + 1,X3,X4)
~ (xl,xz,x3,x4 + 1) ~ (Xl + Nx2, x?,x3 + 1,X4) .
(13)

o Recall: T3 = U(1)-fibration over T?2: 1st Chern class
Hy(T2,Z) 3 [c1] = N = “geometric flux".
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M-theory non-geometry via twisted torus

3

Duality along x?, x3, x* gives R-flux background.

Naively via Buscher: x3 +— —%o4 and

dsty = (1+ N2%3) "> ds? + (14 N°%3,)"° (a3)?

+ (14 N2R2) ((dx1)2 + ()% + (dx4)2> L)
NXo4

= _dxP Adx3 A dxt.
1+N2)?224X X X

G

“Non-geometric frame":

dsyy = ds? + (x")* + ()% + ()7 + (dx)?, Q1 = Niaa.
(15)
o R-flux: RYBYp — 4HlBQrdr]l — R41234 _ p.
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Non-commutativity / non-associativity in string theory

@ Non-commutativity well-studied in open-string sector. D-branes with
non-vanishing B-field.

@ Analogous to electron in magnetic field where momenta are
non-commutative.

@ What about closed string sector?

@ Non-geometric fluxes lead to non-commutativity & non-associativity
[List arXiv:1010.1361], [Blumenhagen, Plauschinn arXiv:1010.1263], Andriot, Bakas,
Condeescu, Fuchs, Florakis, Mylonas, Larfors, Patalong, Szabo, Schupp.. ..
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Electrons in magnetic field

e Following Jackiw 1985: electrons in magnetic field experience
non-commutativity & non-associativity appears.

o Consider electrons in R with magnetic field B: Lorentz force
L e iy
= %EU 7By, (16)
e 7' are physical gauge-invariant momenta. Not canonical momenta!
@ Energy = Hamiltonian _
'

H=7 (17)

@ Equations of motion = twisted Poisson-bracket:
H i i N k
[x , X ] =0, [x ,7Tj] = ihd;, [7i,mj] = ’eEEUkB . (18)

@ Non-commutativity of momenta.
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Electrons in magnetic field

@ Twisted Poisson-bracket:
o . o B

[x',x'] =0, (X', ;] = ihd}, [7i, 7] = leze,-jkBk. (19)

@ Non-associativity: e
Jac(my,mp,m3) = [71, [m2, m3]] + ... = ?O;B’ . (20)

@ Magnetic monopoles: V - B = ppag # 0 = non-associativity.
o Consider algebra of “translations”:
o U(a) = exp(—+a'm;) generate (non-commutative) translations.
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Electrons in magnetic field

@ Algebra of translations:

U(a1)U(a2) = exp <—;;<D(a1, 32)> U(a1 + a2),
(U(ar)U(a2)) U(as) = exp (—im—®(a, a2, a3) ) Ula) (U(a2) Ua3)) -

@ ®(ay, ap) is flux through triangle formed by a1, a2, ®(a1, a2, a3) is flux
through tetrahedron formed by a1, as, as:

(D(al,ag):/ B'dS, ¢(a1,az,a3):/ B'dS, (21)
A A

a1 a2 a1824a3

@ Algebra should be associative (QM wants linear operators on a
Hilbert space).

o = Flux quantisation: [V B € 2riz|
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Non-geometric = non-commutative -+ non-associative

o CFT scattering calculations & canonical quantisation in dilute flux
limit give non-commutative Q-flux algebra:

//3

[xi,xj] = Q . (22)

@ Non- commutatmty parameter Q = 2 Q,';jwk depends on winding
number w'.

@ In R-flux background one finds:

[x’-,x'] = Ih R py.
X', pj] = ingj, [pi,pj] =0, (23)
[xi,xj,xk] = % [xi, [xj,ka +...= /S3RUk.

o Note: same algebra as for electron in magnetic field (with x' < ;).
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associative stri

[xi,xj,xk] = /S’RU" gives “minimal volume” Ax'AxJ Axk > I53Rijk =

no point-particles.

@ Magnetic charge algebra and R-flux algebra are examples of Malcev
algebras: X x Y = =Y x X, Jac(X,Y,X * Z) = Jac(X,Y,Z)  X.
[Giinaydin,Zumino 1985] [Bakas, Liist arXiv:1309.3172].

@ Rich mathematical framework for non-associative structures [Mylonas,

Schupp, Szabo arXiv:1207.0926, arXiv:1312.1621, arXiv:1402.7306, ...]

[Bakas, Liist arXiv:1309.3172].

@ Non-associative structure disappears upon momentum conservation=-
crossing symmetry of CFT OPEs. [Blumenhagen, Deser, Liist, Plauschinn,
Rennecke arXiv:1106.0316].
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The octonions and the R-flux algebra

@ Mathematics: how is the R-flux algebra related to other
non-associative structures, e.g. octonions (also a Malcev algebra)?

@ Physics: how does the R-flux algebra lift to M-theory?
o Conjecture: the answers are related.
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Octonions

@ There are four division algebras: over R, C, Q, O.

@ Division algebra of real octonions O: non-commutative,
non-associative Malcev algebra.

o Elements: identity, /, + 7 “imaginary” units, ea.

eaes = —6aB + MaBcec, (A = 1,...,7) . (24)

@ Structure constants nag¢ (don't satisfy Jacobi):

nasc = 1 < (ABC) = (123), (516), (624) , (435) , (471), (572) , (673) .
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Fano plane of octonions

Useful mnemonic for multiplication rule: Fano plane
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Relation with R-flux algebra

o Let i =1,2,3 and consider €;, f; = €13, €.
@ Associator [X,Y,Z] = (XY)Z - X(YZ) = %[X, [Y,Z]] + ...
lei, €] = 2¢jjkex, [e7, ei] = 2f;,
[fi, fi] = —2e€jkex [e7, fi] = —2e;,
lei, f;] = 2667 — 2€jiicfic,
[ei, &), fi] = dejjer — 8oyify
[ei, £, fi] = —8dijjen
[fi, fj, ] = —dejker,
lei, €, e7] = —4e€jjicfic,
[ei, f;, 7] = —dejkex
[fi, i, e7] = A€ .

(25)
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Contraction to R-flux algebra

@ Consider the contraction:

pi = —%i)\e,- x = iA1/2‘Tf,- I = iW”Te?- (26)
@ For A — 0 we get
[, ] = —2ejuex = [x',x] = iNe¥py.,
lei, &j] = 2¢jkex = [pi,pj] =0
[fi,ef] = —0ler + eufic = [x, pj] = idi1 (27)

[Xi7 I] = [pia I] = 07
[f;'a fJ-.a fk] = _46ijke7 = |:Xian7Xk:| = Neijkl .

This gives exactly the R-flux algebra! Rik = Neik
What about the uncontracted algebra?
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M-theory non-associativity

Conjecture: Uncontracted algebra is lift of R-flux algebra to M-theory.
e7 is 4th coordinate: X ~ (f,f, f3,€e7), (a=1,...,4).
But only three momenta P; ~ (e1,e,e3), (i=1,...,3).

Seven-dimensional phase-space.

We can see this from duality arguments!
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Homology of twisted torus

Recall: twisted torus T3 x S! +— R-flux background.

U-duality: wrapping modes <— momenta.

Hy(T3,2) = 2% = “missing 2-cycle”.

Result follows immediately because [c1] € H(T?2,Z) trivial in total
space, T3: [a] =0 € Hy(T3,2).

@ Or via deRham cohomology. Globally well-defined 1-forms:

nt = dx* — Nx3dx?, n? = dx?, n® = dx3. (28)

dn? = dn® =0 but dnt = £5n2 A = N2 An? £ 0.

= Ho(T3) = Hy(T3,R) = R2.

T3 is orientable = H, has no torsion and Ho(T3,Z) = Z,.
“Missing 2-cycle” = “missing momentum” after duality.
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Missing momentum mode from twisted torus

Recall: duality along x?, x3, x*.

Under duality we had
X2 — X34 s X3 — —)?24, X4 — Xo3. (29)

@ Momenta and winding modes interchanged:

W3* «— P, W24 «— —p; W23+ Py, (30)
o But Hy(T3,Z) = 22 = w? does not exist = no P, in M-theory
locally non-geometric background.
@ M-theory < IIA duality:

M-theory circle X* = no P4 = no DO-branes in R-flux background.

@ There are no point-particles (recall point-particle approximation fails)!

Emanuel Malek Non-geometric fluxes and non-associativity in M-theory 26th September 2016 26 /31



... from Freed-Witten anomaly cancellation condition

Consider T3 with H-flux: H3(T3,Z) > [H3] # 0.

Freed-Witten anomaly: [H3] = 0 on D-brane.

= No D3-branes wrapping T3 with H-flux.

Three T-dualities along T3 = No DO0-branes on R-flux background.
Lift to M-theory = no P, along M-theory circle!

We conjecture covariant generalisation: R*#7%°pP, =0, =
constraint on phase-space.
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M-theory R-flux algebra

@ We have R%1234 — |\ so R*AYrp, =0 = P, = 0.

e 7-dimensional phase-space:
coordinates X%, momenta P; (a=1,...,4, i=1,...,3).
o Identify with imaginary units of octonions
N
\gilf/z/\3/2e7 :

X4 =

X = ‘Ti/f/ﬁlﬂf,-,

P = —%/me,-.
o Conjecture: Octonion algebra = M-theory R-flux algebra
e BUT: algebra cannot be GL(4) invariant: no 3-dim representation of
GL(4).
@ Algebra has SO(4) invariance: X% € (2,2), P' € (1,3) of
SU(2) x SU(2).
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M-theory R-flux algebra

o Conjecture: Octonion algebra = M-theory R-flux algebra

PR = et [X%P] X,
o R 4 4 owin MR aiosa
(X', X ] = o RYEPe, (XA X = == RYEEP,

(X', Pj] = ih6]X* + ixhe XX,
[Xa X,B X’y] _ /3R4 aﬁ'y&X(S
[p X/, X ] 2)\I3R4 12345[1Pk]
[PI,XJ,X4] _ )\2/3R4 Uk4Pk7
[Pi7 Pj7 Xk] - *)\27126,-ij4 + 2>\h2§k[,)<J] s
[Pi, Pj, Xa] = Nh2ejpcXic ,
[Pialjjapk] =0.

(32)

@ A — 0 = string R-flux algebra
e Natural identification: A\ ~ gs ~ Ry /s
o \—1asgs — oo.
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M-theory non-geometric backgrounds.

Closed-string non-associativity via non-geometry.

Contraction of octonions gives R-flux algebra.

M-theory R-flux background: phase-space constrained R*#1%°p, = 0.

Conjecture: octonions give M-theory lift of R-flux algebra.

Solving constraint breaks GL(4).

Emanuel Malek Non-geometric fluxes and non-associativity in M-theory 26th September 2016 30 /31



o Can we impose constraint R*#19°P, = 0 “covariantly” via
Nambu-Dirac bracket? First-class, second-class?

Does this explain odd-dimensional phase space?

Derivation of R*#7 P, = 0 from duality-invariant membrane model?
[Berman, Cederwall, EM arXiv:16xx.xxxx].

“Higher”-dimensional EFT? S-dual fluxes in 1IB?

@ What can we learn about M-theory by requiring vanishing
non-associativity?
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