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Web of dualities

String theory has perturbative T-duality and also a non-perturbative
S-duality (strong-weak).

T- and S-duality relate different string theories on disparate backgrounds.
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These dualities have played a key role in understanding string theory:
D-branes, flux vacua, etc.
For example, the 5 superstring theories are seen as different corners of an
underlying “M-theory”.
Low-energy theory of M-theory is 11-D SUGRA: biggest SUGRA theory.
M-theory seen as mother of all theories.

T + S = U-duality arises when compactifying 11-D SUGRA on T n.

n En Hn

3 SL(2)× SL(3) SO(2)× SO(3)
4 SL(5) SO(5)
5 SO(5, 5) SO(5)× SO(5)
6 E6 USp(8)
7 E7 SU(8)
8 E8 SO(16)
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Review of DFT

Winding coordinates x̃ are introduced: XA =

(
xµ

x̃µ

)
.

Bosonic fields (of NS-NS sector) are unified in generalised metric

MAB =

(
gµν − Bµρg

ρκBκν −Bµρgρν
gµρBρν gµν

)
, (1)

and generalised dilaton e−2d .
Gauge transformations are unified in generalised Lie derivative

LUV A = UB∂BV
A − V B∂BU

A + ηABηCDV
C∂BU

D . (2)

Supergravity action S ∼
∫ (

R − H2 +∇2φ
)

is rewritten as

S ∼
∫

dxdx̃ (∂M)2 . (3)
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Non-geometric frame

Recall that for the non-geometric string background

ds2 =
1

1 + N2x2

(
dy2 + dz2

)
+ dx2 ,

Byz =
Nx

1 + N2x2
,

(4)

the generalised metric in the frame

MAB =

(
g̃µν g̃µρβ

ρν

−βµρg̃ρν g̃µν − βµρg̃ρκβκν
)
, (5)

is more natural. The fields

ds̃2 = dx2 + dy2 + dz2 ,

βyz = Nx ,
(6)

are periodic up to gauge transformations (the field strength Qyz
x is

periodic).
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Extended field theory: DFT for M-theory

How to extend this treatment to U-duality of 11-D SUGRA?
I will focus on truncation on T 4 case for simplicity: SL(5) U-duality group.

Consider a T 4. The M2-brane could wrap it in

(
4
2

)
= 6 different ways.

Therefore, include 6 wrapping coordinates yµν .

The 10 generalised coordinates lie in the antisymmetric rep of SL(5), i.e.
for a, b = 1, . . . , 5

X [ab] =

{
Xα5 = xα

Xαβ = 1
2η

αβγδyγδ
, (7)

where α, β = 1, . . . 4 and ηαβγδ is the 4-D alternating symbol (no det g).
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Generalised metric and Lie derivative

In DFT, the generalised metric and dilaton parameterised the coset space.

MABe
−2d ∈ O(D,D)

O(D)×O(D)
× R+ . (8)

Now, we want to parameterise the coset space

mab ∈
SL(5)

SO(5)
× R+ . (9)

For DFT, the generalised Lie derivative preserves the O(D,D) structure
ηAB

LξηAB = 0 . (10)

Here, we need to preserve the SL(5) group invariant εabcde , the alternating
tensor. We find

LξV a =
1

2
ξbc∂bcV

a +
1

4
V a∂bcξ

bc − V b∂bcξ
ac . (11)
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Section condition

Closure of algebra of generalised Lie derivatives

[Lξ,Lχ]V a = L[ξ,χ]V
a + junk (12)

⇒ “section condition” to kill junk

∂[ab∂cd ]Φ(X ) = 0 , ∂[abΦ(X )∂cd ]Φ
′(X ) = 0 , (13)

for all fields Φ(X ),Φ′(X ) of the theory.
Conventional solution of the section condition as before comes from 4 + 1
split:
Xα5 ≡ xα, where α, β = 1 , . . . , 4, i.e. ∂α5Φ 6= 0, ∂αβΦ = 0.

A generalised vector

ξab →
{
ξα5 = wα vector
ξαβ = 1

2η
αβγδλγδ two-form

, (14)

Will generate diffeos + 3-form gauge transformations.
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The action

The action can be found by requiring invariance under generalised Lie
derivatives modulo section condition.

S =

∫
Σ
|m|−1

(
−1

8
mabma′b′∂aa′m

cd∂bb′mcd +
1

2
mabma′b′∂aa′m

cd∂cb′mbd

+
1

2
∂aa′m

ab∂bb′m
a′b′ +

3

8
mabma′b′∂aa′ ln |m| ∂bb′ ln |m|

−2ma′b′∂aa′m
ab∂bb′ ln |m|+ ma′b′∂aa′∂bb′m

ab −mabma′b′∂aa′∂bb′ ln |m|
)
,

(15)

where |m| = |detmab| and Σ is lower-dimensional section satisfying the
section condition.
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Parameterising the generalised metric

Going to 4 + 1 split, 5× 5 symmetric mab gives

4× 4 symmetric gαβ (spacetime metric),

vector vα = 1
3!ε

αβγρCβγρ (3-form),

scalar φ (related to truncation from 11-D).

Generalised Lie derivative gives natural parameterisation

mab =

( gαβ√
|g |

vα

vβ
√
|g |
(
eφ + vαvα

)) . (16)

The generalised Lie derivative acts on mab as

Lξmab =
1

2
ξcd∂cdmab −

1

2
mab∂cdξ

cd + mcb∂adξ
cd + mac∂bdξ

cd . (17)
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Lξmab =
1

2
ξcd∂cdmab −

1

2
mab∂cdξ

cd + mcb∂adξ
cd + mac∂bdξ

cd . (18)

Split ξab =
(
ξα5 = wα, ξαβ = 1

2η
αβγδλγδ

)
.

The generalised Lie derivative implies the transformations

δgαβ = Lwgαβ ,

δCαβγ = LwCαβγ + 3∂[αλβγ] ,

δφ = Lwφ .

(19)

Here L is the standard 4-D Lie derivative.
Thus wα generates 4-D diffeomorphisms and λαβ generates gauge
transformations of the three-form potential Cαβγ .
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The 4-D action

Using the section, ∂αβ = 0, and parameterisation of mab, the action
becomes

S = −
∫

d4x e2φ
√
|g |
(
R − 1

48
e−φFαβγδF

αβγδ +
5

2
∂αφ∂αφ

)
. (20)

gαβ – metric

R – Ricci scalar of gαβ.

Fαβγδ = 4∂[αCβγδ] – field strength of Cαβγ .
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Consider truncating bosonic part of 11-dimensional supergravity to
n-dimensions:

g11 = gn ⊗ eϕĝ11−n

|detĝ11−n| = 1

cpts of 3-form only non-zero in the n directions

Integrating by parts gives

√
g11 R11 ∼ e(11−n)ϕ/2√g

(
Rn +

(11− n)(10− n)

4
gαβ∂αϕ∂βϕ

)
. (21)

so 4-D truncation is

S = −
∫

d4x e7ϕ/2
√
|h|
(
Rh −

1

48
FαβγδF

αβγδ +
21

2
∂αϕ∂αϕ

)
. (22)

Equivalent to previous action under conformal rescaling

hαβ = gαβe
−φ/2 , uα ≡ hαβuβ = vαeφ , ϕ = −2

3
φ . (23)
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3-D truncation of IIA

Obtain a 3-D truncation of IIA by dimensional reduction of the above
solution, i.e.

∂µ4 = ∂45 = ∂µν = 0 ,
∂µ5 6= 0 ,

µ , ν = 1 , 2 , 3 . (24)

Here 4 and 5 are treated differently.

Can we find a 3-D section where 4 , 5 treated equally ⇒ S-duality ⇒
IIB?
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3-D truncation of IIB

Section condition ∂[ab∂cd ]Φ = 0 also satisfied by 3-D section
Xµν , µ, ν = 1, 2, 3, i.e. ∂µiΦ = ∂ijΦ = 0 , i , j = 4 , 5 .
This treats i , j = 4 , 5 equally and has a SL(2) duality.

Define

x̃µ ≡
1

2
ηµνρX

νρ , ∂̃µ ≡ 1

2
ηµνρ∂νρ . (25)

η123 = η123 = 1 is 3-D Levi-Civita tensor density.
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Remaining 7 coordinates related to wrapping of branes in 3-D:
IIB

Xµν → 3 momenta of F1,

Xµ5 → 3 wrappings of F1,

Xµ4 → 3 wrappings of D1,

X 45 → 1 wrapping of D3.

IIA

Xµ5 → 3 momenta of F1,

Xµν → 3 wrappings of F1,

Xµ4 → 3 wrappings of D2,

X 45 → 1 wrapping of D0.
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Parameterising the generalised metric

Generalised Lie derivative gives different natural parameterisation

mab =

√|g̃ |(g̃µν + eφ̃ṽkµṽkν

)
eφ̃ṽjµ

eφ̃ṽiν
1√
|g̃ |

eφ̃M̃ij

 . (26)

5× 5 symmetric mab gives

3× 3 symmetric g̃µν spacetime metric, |g̃ | = | det g̃µν |,
2 vectors ṽ iµ,

3 scalars: φ̃, symmetric 2× 2 unit-det M̃ij .

KR and RR 2-forms: C iµν ≡ εµνρṽ iρ , ε̃123 = |g̃ |1/2,

RR 0-form C̃ (0) and string dilaton ϕ̃ in

M̃ij =
1

Imτ

(
|τ |2 Reτ
Reτ 1

)
, τ = C (0) + ie−ϕ̃ . (27)

Extra scalar φ̃ related to truncation from 10-D.
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Gauge transformations

Generalised vector ξab contains

3-D vector ξ̃µ ≡ 1
2ηµνρξ

νρ,

2 × 3-D 1-form λiµ ≡ ξiµ,

3-D scalar ξij .

Generalised Lie derivative

Lξmab =
1

2
ξcd∂cdmab −

1

2
mab∂cdξ

cd + mcb∂adξ
cd + mac∂bdξ

cd , (28)

shows how fields transform

δφ̃ = Lξ̃φ̃ , δM̃ij = Lξ̃M̃ij ,

δC̃ iµν = Lξ̃C̃
iµν + 2∂̃[µλ|i |ν] , δg̃µν = Lξ̃g̃

µν .
(29)

We defined

Lξ̃V
µ ≡ ξ̃ν ∂̃νV µ + V ν ∂̃µξ̃ν , (30)

NB: ξij drops out of Lie derivative (no gauge transformation of C (0)).
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IIB action

The action S ∼
∫

Σ dX |m|−1 (∂m) reduces to

S = −
∫
d3x̃

√
|g̃ |e−2φ̃

(
R̃ +

1

4
∂̃µM̃ij ∂̃µM̃ij −

1

12
eφ̃H̃ iµνρH̃iµνρ +

9

2
∂̃µφ̃∂̃µφ̃

)
.

(31)

µ, ν indices raised/lowered by g̃µν ,

i , j indices are raised/lowered by M̃ij ⇒ manifestly SL(2) invariant,

SL(2) doublet of field strengths H̃ iµνρ = 3∂̃[µC̃ |i |νρ],

Riemann tensor R̃ for g̃µν with “reversed indices”.

This is truncated IIB action with “reversed indices”!
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Timelike dualities

What happens if we include time as part of the 4-D we are dualising along?

Coset space becomes SL(5)
SO(3,2) . (Hull, Julia arXiv/hep-th/9803239)

T-duality links IIA with IIB∗, IIB with IIA∗. These have RR fields with
“wrong” sign for kinetic terms. (Hull arXiv/hep-th/9806146).

U-dualities change signature of spacetime: M → M∗ → M’. Their
signatures are (10,1) → (9,2) → (6,5). (Hull arXiv/hep-th/9807127).

Hull and Khuri hep-th/9808069 also study brane solutions of these theories
(and holography in funky spacetimes hep-th/9911082).
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We can understand this as follows.

Start in 11-D and compactify on a circle: we get IIA in the limit R1 → 0.

Compactify on another circle: we get IIB under T-duality in the limit
R2 → 0. We have lost 2 directions (R1,R2 → 0) but gained a T-dual
direction: 1

R2
→∞.

Compactifying on T 3 and taking R1,R2,R3 → 0 gives back 11-D theory.

Now include time.

Start in 11-D and compactify on a T (1,1). You will lose 1 spacelike & 1
timelike direction and gain 1 timelike direction. Net loss: 1 spacelike
direction.

Now consider a T (1,2) so you go from 11-D → 11-D. This has 2× (1, 1)
cycles and 1× (0, 2) cycle.

Thus, you lose 1 spacelike directions and gain 1 timelike direction.
Signature is now (9, 2).
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Lorentzian signature

Coset space is

mab ∈ R+ × SL(5)

SO(3, 2)
. (32)

mab has signature (−, +, +, +, −). Choice of assigning negative
directions gives different theories.
For M-theory section (∂αβ = 0, α, β = 1, . . . , 4)

mab =

( gαβ√
|g |

vα

vβ
√
|g |
(
±eφ + vαvα

)) , (33)

with the signature of gαβ determining the sign of ±eφ:

sign(gαβ) = (−, +, +, +) & − eφ : Lorentzian M-theory ,

sign(gαβ) = (−, −, +, +) &eφ : M∗-theory .
(34)
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In Einstein frame (gE )αβ = e−2φgαβ, Lorentzian M-theory

S =

∫
d4x

√
|gE |

(
R(gE )− 1

48
e−7φFαβγδF

αβγδ − 7

2
∂αφ∂

αφ

)
, (35)

M∗-theory in Einstein frame

S =

∫
d4x

√
|gE |

(
−R(gE ) +

1

48
e−7φFαβγδF

αβγδ +
7

2
∂αφ∂

αφ

)
, (36)

has two timelike directions.
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For IIB section (∂µi = ∂ij = 0 , µ, ν = 1, 2, 3 , i , j = 4, 5) can choose

sign(g̃µν) = (+, −, −) & sign(M̃ij) = (+, +) : Lorentzian IIB theory

sign(g̃µν) = (−, +, +) & sign(M̃ij) = (−, +) : IIB∗ theory

sign(g̃µν) = (+, +, +) & sign(M̃ij) = (−, −) : Euclidean IIB theory

Emanuel Malek Double field theory and non-geometry Part II: M-theory and timelike dualities12th September 2014 31 / 43



Lorentzian IIB theory

S =

∫
d3x̃

√
|g̃E |

(
−R̃(g̃E )− 1

4
∂̃µM̃ij ∂̃

µM̃ij +
1

12
e−7φ̃H̃iµνρH̃

iµνρ+
7

2
∂̃µφ̃ ∂

µφ̃

)
.

(37)

Mostly negative spacetime signature hence −R̃ term.

M̃ij is positive definite.

All kinetic terms have right sign.
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IIB∗ theory

S =

∫
d3x̃

√
|g̃E
(̃
R(g̃E )+

1

4
∂̃µM̃ij ∂̃

µM̃ij +
1

12
e−7φ̃H̃iµνρH̃

iµνρ− 7

2
∂̃µφ̃ ∂

µφ̃

)
.

(38)

Lorentzian spacetime but M̃ij has one positive and one negative

direction (parameterises SL(2)
SO(1,1) ).

∂̃µM̃ij ∂̃µM̃ij and M̃ij H̃
iµνH̃ j

µν in action.

⇒ One of the scalars in M̃ij and one of the 2-forms C̃ iµν have kinetic
terms with the wrong signs.

Emanuel Malek Double field theory and non-geometry Part II: M-theory and timelike dualities12th September 2014 33 / 43



Euclidean IIB theory

S =

∫
d3x̃

√
g̃E

(
−R̃(g̃E )− 1

4
∂̃µM̃ij ∂̃

µM̃ij +
1

12
e−7φ̃H̃iµνρH̃

iµνρ+
7

2
∂̃µφ̃ ∂

µφ̃

)
.

(39)
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Timelike dualities revisited

We found the M∗, IIB∗ theories. Are they related by timelike dualities to
M and IIB theories?

Consider a purely gravitational solution (i.e vα = 0)

mab =

( gαβ√
|g |

0

0 −
√
|g |eφ

)
. (40)

You could be forgiven for thinking that a duality can swap the −eφ
component for a spacelike component of gαβ thus giving an extra timelike
direction (M∗).

However, the signature of gαβ is fixed by η which in this case is
η = diag (−1,+1,+1,+1,−1). Thus, gαβ is fixed to have signature (3, 1).

What’s going on?
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We have assumed a parameterisation of the generalised metric,

mab =

( gαβ√
|g |

vα

vβ
√
|g |
(
−eφ + vαvα

)) . (41)

In terms of vielbeine, this corresponds to

E â
a =

(
eα̂α√
|e|

v α̂
√
|e|

0
√
|e|eφ/2

)
, (42)

such that m = ETηE where η = diag (−1,+1,+1,+1,−1) in this case.
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Under a duality u ∈ SL(5), the vielbein transforms as

E → Eu . (43)

It can also transform under the generalised Lorentz group H = SO(3, 2),
say h(X ) ∈ H,

E → HE . (44)

In general, under a duality, we need to perform

E → hEu . (45)

Note that hTηh = η and in particular, SO(3, 2) does not act transitively
on the space of all η’s.
So in general, we cannot preserve the parameterisation because this would
imply changing η which is impossible.
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An alternative parameterisation

An alternative parameterisation comes from the vielbein

E â
a =

 ẽα̂α√
|ẽ|

0

wαeφ̃/2√
|ẽ|

eφ̃/2
√
|ẽ|

 . (46)

The generalised metric would then have the form

mab =

 g̃αβ−eφ̃wαwβ√
|g̃ |

eφ̃wα

eφ̃wβ −
√
|g̃ |eφ̃

 . (47)

Thus, in the example before: swapping −eφ and a spacelike component of
gαβ would correspond to a solution in terms of this parameterisation.
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What is wα?

The parameterisation involved

wα =
1

3!
εαβγδΩ

βγδ , (48)

which is a new field: a tri-vector Ωαβγ . This is analogous to βαβ in DFT
which we encountered in non-geometry. Thus, this field will also arise in
non-geometry.

In general, we should consider “supergravity” with the trivector.

The EFT action L ∼ (∂m)2 encodes its low-energy dynamics.
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When can we use Cαβγ?

We can use the standard parameterisation in terms of a metric and 3-form,
only when

mαβ has signature (1, 3) . (49)

Similarly, we can only use the parameterisation with Ωαβγ when

m55 ≥ 0 . (50)

Otherwise, we need to use both Cαβγ and Ωαβγ .

In general, dualities can lead to a singular mαβ but this does not imply gαβ
is singular. Instead, we should be using Ωαβγ parameterisation.
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Summary

EFT is “bigger” than the truncation of 11-D SUGRA it came from: it also
contains IIB.

In Lorentzian signature, the EFT contains M, M∗, IIB, IIB∗ on equal
footings but dualities do not relate these to each other.

Instead, timelike dualities can lead to new fields, e.g. Ωαβγ which also
arise in non-geometries.
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Future work

E11 and un-truncated 11-D theory?

Will higher duality groups contain more solutions to section condition?

Non-geometry, including RR non-geometry?

Construction of fully non-geometric backgrounds which cannot be dualised
into geometric backgrounds.

Low and high temperature?
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